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Three types of matroid connectivity, including Tutte’s, are defined and shown to 
generalize corresponding notions of graph connectivity. A theorem of Tutte on 
cyclically 3-connected graphs, is generalized to matroids. 
Where G is a finite connected graph and {E,, E,} is a partition of E(G), 
let Gi, i = 1 and 2, denote the subgraph of G induced by E,; that is, 
E(G,) = Ei and G,. has no isolated vertex. Let k be a positive integer; a Tutte 
k-separation of G is a partition (E, , E2} satisfying 
I V(G,) n V(G,)l < k 
IE, I > k < IEd 
Changing (2) to 
I UG,I > k < I VGJI 
defines a vertical k-separation of G. Changing (2) to 
G,, G, both have circuits 





Where n is a positive integer, G is Tutte n-connected if for all k, 1 < k < n, 
G has no Tutte k-separation. Similarly, we defined vertically n-connected and 
cyclically n-connected. Except for the use of “Tutte” these definitions are the 
same as those in [S]. It is easy to see that every Tutte n-connected graph is 
both vertically and cyclically n-connected. It is fairly easy to show that a 
vertically n-connected graph G is Tutte n-connected if and only if it has no 
*Research supported by a grant from the Natural Sciences and Engineering Research 
Council of Canada. 
94 
0095-8956/81/010094-06$02.00/0 
Copyright c 198 I by Academic Press, Inc. 
All rights of reproduction in any form reserved. 
MATROID CONNECTIVITY 95 
circuit of size at most min(n - 1, JE(G)(/2). A similar result holds for G 
cyclically n-connected, with “circuit” replaced by “cutset.” 
Let M be a matroid [9] on E having rank function r. Let k be a positive 
integer; a Tutte k-separation of A4 is a partition {E, , E,) of E such that 
r(E,) + r(E2) - r(E) < k - 1; (3? 
lE,I>k,<l&l. (4) 
Replacing (4) by 
r(E,) 2 k < 4%) (4’) 
defines a vertical k-separation of M. Replacing (4) by 
E,, 4 both contain circuits of M (4”) 
defines a cyclic k-separation. 
Where n is a positive integer, the matroid M is Tutte n-connected if for all 
k, 1 < k < n, M has no Tutte k-separation. Similarly, we define vertically n- 
connected and cyclically n-connected for matroids. Again, it is easy to see 
that Tutte n-connection implies vertical (and cyclic) n-connection, and that a 
vertically n-connected matroid M is Tutte n-connected if and only if it has 
no circuit of cardinality at most min(n - l,lE(G)j/2). Tutte [rj] defined what 
here is called Tutte n-connection for matroids, and proved that the forest 
matroid of a connected graph G is n-connected if and only if G is (Tutte) n- 
connected. His proof is “surprisingly difficult” [7, p. 781. A main purpose of 
this note is to give short proofs of Tutte’s theorem and similar theorems for 
vertical and cyclic connectivity. We begin with an elementary result. 
PROPOSITION 1. Let M be the forest matroid of a connected graph G, 
and let r be the rank function of M. If (E,, E2} is a partition of E(G), and 
G, , G, are the corresponding edge-induced subgraphs, then 
I WV n Wdl > @A + r&) - @W4) + 1. 
Moreover, if G, and G, are connected, then equality holds. 
ProoJ The well-known formula for the rank function of M is 
r(W)) = I J’VOI - m, where H is any subgraph of G, and m is the number 
of its components. Therefore, 
r(E,) + r(Ed - WG)) + 1 
< I V(G,)I - 1 + I VW1 - 1 - (I VW- 1) + 1 
= I VGA n UG,)l. 
Clearly, if G, and G, are connected, then equality holds. fi 
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THEOREM 1. Let G be a connected graph, let M be its forest matroid, 
and let n be a positive integer. Then G is vertically n-connected if and only [f 
M is vertically n-connected. 
Proof. Suppose that G has a vertical k-separation {E,, E, ] for some 
k < n, and choose k as small as possible. Then clearly, G, and G, are 
connected, so r(E,) > k < r(E& and so (E,, E, 1 is a vertical k-separation of 
M by Proposition 1. 
Now suppose that G is vertically n-connected but {E,, E2} is a vertical k- 
separation of M for some k < n; let G,, G,be the corresponding edge-induced 
subgraphs. Suppose that there exist vertices U, v of G, which are not in the 
same component of either G, or G,. Then u and v are not adjacent in G, so 
it follows from Menger’s Theorem that there exist internally vertex-disjoint 
simple paths P,, P, ,..., P, joining u to v in G. By assumption, E(Pj) & Ei for 
i = 1 and 2, and j = 1, 2 ,..., n. Let A, denote Ei n (U E(P,): 1 <j < n), for 
i = 1 and 2. Then r(E,) f r(E,) - r@(G)) > r(A ,) + r(A J - r(A , U A 2). But 
r(A,)=(A,( for i= 1 and 2, and r(.4,UA,)=IA,UA,~--n-t 1, so we have 
r(E,) + r(E,) - r(E(G)) > n - 1 > k, a contradiction. 
Hence, we may assume that any pair U, v of vertices of G are in the same 
component of at least one of G,, G,. Now r(E,) > k < r(E2), so r(E,) < 
r(E(G)) > r(E,); that is, neither G, nor G, can be spanning and connected. 
Therefore, there exist vertices U, v, w such that U, v are in the same 
component of G, but not G,, and v, w are in the same component of G, but 
not G,. But this is contradicted by the fact that U, w are joined by a path in 
oneofG,orG,. a 
THEOREM 2. Let G be a connected graph, let A4 be its forest matroid, 
and let n be a positive integer. Then G is cyclically n-connected if and only if 
M is cyclically n-connected. 
Proof. It follows from Proposition 1 that G is cyclically n-connected if 
M is. Now suppose that G is cyclically n-connected, but M has a cyclic k- 
separation {E,, E,], where k < n. Let G,, G, be the corresponding edge- 
induced subgraphs of G, and choose (E,, E2} so that the total number of 
components of G, and G, is as small as possible. If G, and G, are 
connected, then G has a cyclic k-separation by Proposition 1. Therefore, we 
assume that G, (say) has more than one component. Let H be a component 
of G, which does not contain every circuit of G,. Let E; = E, U E(H) and 
Ei = E,\E(H). Then r(E’J ,< r(E,) + / V(H)1 - 1, and r(E;) = r(EJ - 
I V(H)/ + 1. Thus r(E’J + r(E;) < r(E(G)) f k - 1, and E’, , E; both contain 
circuits of M. Moreover, since G is connected, the resulting graphs G’,, G; 
have a smaller total number of components than G, , G, , a contradiction. I 
THEOREM 3. Let G be a connected graph, let M be its forest matroid, 
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and let n be a positive integer. Then G is Tutte n-connected if and only if M 
is Tutte n-connected. 
Proof: It follows from Proposition 1 that G is Tutte n-connected if M is. 
Now suppose that G is Tutte n-connected. Then G is vertically n-connected, 
and so M is vertically n-connected by Theorem 1. If M is not Tutte n- 
connected, then it must have a circuit C of cardinality k for some k < 
min(n - 1, JE(G)(/2). But then {C, E(G)\C} is a Tutte k-separation of G, a 
contradiction. 1 
Remark 1. Theorem 3 can be proved with similar ease from Theorem 2. 
However, it does not seem especially easy to derive Theorems 1 or 2 from 
any of the others. 
PROPOSITION 2. Let M* be the matroid dual to the matroid M on E, and 
let n be a positive integer. Then M is Tutte n-connected if and only if M* is 
Tutte n-connected. Moreover, M is vertically n-connected if and only ifM* is 
cyclically n-connected. 
Proof: Where r, r* are the rank functions of M, M*, a simple 
computation shows that, for any partition {E,, E,} of E, r*(E,) + 
r*(E,) - r*(E) = r(E,) t r(E,) - r(E). The first statement follows. Now let 
(E,, E,} be a partition of E such that r(E,) + r(E,) = r(E) t k - 1. Then 
r(E,) > k if and only if r(E,) < r(E) - 1, which is true if and only if E, 
contains a circuit of M*, and similarly for E,. @ 
Many graph theorists tend to prefer vertical connectivity because “adding 
a new edge joining two old vertices does not decrease the connectivity.” (See, 
for example, [9, p. 81, exercise 21.) In addition, vertical connectivity of 
graphs ignores multiple edges. The next results extend these properties to 
vertical connectivity of matroids. (In this paper, \ denotes deletion and / 
denotes contraction. A parallel class P of a matroid is a set consisting of an 
element e and all the elements forming 2-element circuits with e; it is non- 
frivial if (Pi > 2. Series is the notion dual to “parallel.“) 
PROPOSITION 3. Let n be a positive integer, M be a matroid on E, and 
e E E. If e is not a coloop of M, and Mje is vertically n-connected, then so is 
M. (Dually, if e is not a loop, and M/e is cyclically n-connected, then SO is 
MS) 
ProoJ Suppose that M is not vertically n-connected, so that there exists 
a vertical k-separation {E,, E,} of M with k < n; we may assume that 
e E E,. If e is not a coloop, then r(E\{e))= r(E), so r(E,\{e)) + 
r(E,) - r(E\{e]) < k - 1. In the non-trivial case {E,\{e\, Ez} is not a vertical 
k-separation of M/e, so r(E,\{e)) = k - 1, and clearly k # 1. But then it is 
easy to see that (E,\(e), E,}is a vertical (k- I)-separation of M\e, a 
contradiction. i 
PROPOSITION 4. Let n be a positive integer, M be a matroid on E‘, and 
e E E. If e is an element of a non-trivial parallel class of M, then M/e is 
vertically n-connected ifand only ifM is. (Dually, ife is an element of a non- 
trivial series class of M, then M/e is cyclically n-connected if and only if M 
is.) 
ProoJ: Suppose that M has a vertical k-separation (E,, E2} for some 
k < n; choose k as small as possible. We may assume that P E E, . Then 
r@\(e) > = 4% and r(E,\{e)) = r(E,), so {E,\{e},E,} is a vertical k- 
separation of Mje. 
Now suppose that {E,, E2f is a vertical k-separation of M\e for some 
k < n. We may assume that P n E, # 0. Then r(E, U {e)) = r(E,) and 
r(E) = r(E\W9 so {E, U {e}, E,} is a vertical k-separation of M. 4 
An important theorem about Tutte’s connectivity for matroids (and 
graphs) (61 states that if a matroid M is Tutte 3connected, non-null, and not 
a “wheel” or a “whirl,” then for some element e of M, M\e or M/e is Tutte 
3-connected. We will use this theorem to prove a result about cyclic 3- 
connection. 
THEOREM 4. Let M be a cyclically ,)-connected non-null matroid. Then 
M has a series class S such that M\S is cyclically 3-connected. 
ProoJ: Choose M so that the result does not hold, if possible, and such 
that 1 E 1 is minimal. Suppose that M has a non-trivial series class S. Choose 
e E S; then by the dual form of Proposition 4, M/e is cyclically 3-connected. 
By the choice of M, there is a series class S’ of M/e such that (M/e)\S’ is 
cyclically 3-connected. But the series classes of M/e are the series classes of 
M, except that S is replaced by S\{e). If S’ = S\(e), then M\S is cyclically 
3-connected, a contradiction. Otherwise, S’ is a series class of M, and e is an 
element of a non-trivial series class of M\S’. Thus by the dual form of 
Proposition 4, M\S’ is cyclically 3-connected, a contradiction. 
It follows that every series class of M is a singleton, so M is Tutte 3- 
connected. It is easy to check that, if M is a wheel or a whirl, then M\e is 
cyclically 3-connected for some e E E. Therefore, by the wheels and whirls 
theorem, there exists e E E such that M\e or M/e is Tutte 3-connected. If 
M\e is Tutte 3-connected, then it is cyclically 3-connected and we are done. 
Otherwise, by the choice of M, there exists a series class S of M/e such that 
(M/e)\S is cyclically 3-connected; in fact, it is easy to see that M/e has no 
two-element cocircuits, so S = (f }, for some f E E\{e}. But if (w)/e is 
cyclically 3-connected, then so is M& by the dual form of Proposition 3, 
and the proof is finished. m 
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Remark 2. Theorem 4 has been discovered independently by Paul 
Seymour. 
Remark 3. Dualizing Theorem 4, we obtain the result that every non- 
null vertically 3-connected matroid M has a parallel class P :such that M/P is 
vertically 3-connected. 
Remark 4. When Theorem 4 is specialized to the forest matroid of a 
graph, we obtain a result of Tutte [5, 12.651. 
Remark 5. Many graph theorists are unwilling to allow a graph to be n- 
connected for all n, and therefore insist that any graph G cannot be n- 
connected for n > 1 V(G)(. This restriction could be applied here; the 
corresponding condition for a matroid M requires that n not exceed the rank 
of M. 
Remark 6. Cunningham and Edmonds (see [2]) have given an algorithm 
to test whether a matroid is n-connected for any n; it requires the order of 
lEJ ” -’ applications of the major step of Edmonds’ matroid partition 
algorithm. This connectivity algorithm is “good” only for small values of n. 
An argument due to Lovisz [4] can be used to show that there can be no 
good algorithm to compute matroid connectivity (the maximum n for which 
M is n-connected). There are special procedures to test for n-connectivity for 
n = 2 [ 2, 3 1, and n = 3 [I]. (These observations on algorithms are valid for 
all three types of connectivity.) 
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